The volatility structure of 90-day bill futures traded on the Sydney Futures Exchange is analysed within the framework of the Heath-Jarrow-Morton model. The method involves characterisation of the transition probability density function for the forward rate process represented by the stochastic differential equation in the arbitrage-free economy. Maximisation of the likelihood function then results in the estimates of the parameters of the volatility function. The volatility function is also used in a simulation of the preference-free stochastic differential equation for bill prices.
Introduction
The modern theory of the term structure of interest rates and the pricing of interest sensitive contingent claims involves expressing the bond price dynamics in terms of an equivalent probability measure which renders them arbitrage free. As a consequence both the drift and the diffusion coefficients of the stochastic differential equations describing bond price dynamics become functions of a maturity dependent volatility function. The genesis of this approach is the work of Heath, Jarrow and Morton (HJM, 1992a) .
As in the Black-Scholes equity option pricing model, there is only one input which in the HJM approach is the entire term structure of the underlying asset and its volatility. Given the current term structure, the volatility function describes how it evolves over time. HJM (1992b) describe how this model can be used to price and hedge the entire interest derivative book of a financial institution and thus offer a consistent approach in managing interest rate exposure. At the very heart of this technique is the choice of the volatility functions. In the HJM context, the volatility function describes the fluctuations of each part of the term structure. Thus the modelling of the term structure of volatility becomes of crucial importance in modelling term structure of interest rates and contingent claims pricing. Many of the forms of the volatility functions reported in the literature have been chosen for analytical convenience rather than being based on any empirical evidence. Apart from the study of HJM (1990) , there has not been a great deal of empirical research into the appropriate form of the volatility function to be used in the arbitrage free class of models.
This paper seeks to address this gap in two ways. Firstly, the parameters of a postulated functional form of the volatility function of the forward rate are estimated using the observed forward rates by applying the maximum likelihood technique. This requires application of Lo's (1988) method to derive an appropriate form of the transition density function. The complexity of this step is determined by the functional form of the volatility function and, in particular, whether it is dependent on the state variable. Secondly, by means of numerical simulation of stochastic differential equations (see Kloeden and Platen (1992) ), the estimated volatility is used to simulate future bond prices and forward rates in order to determine characteristics of the conditional probability density functions of those prices.
The data set used for the empirical study represent the 90-day bill futures contracts trading on the Sydney Futures Exchange (SFE). This instrument, for all intents and purposes, is the coupon-free bond of the theoretical development and thus any errors introduced by the coupon stripping procedure are avoided.
The remainder of the paper is organised as follows. In section 2, the essential framework of the HJM model relevant to this study is reviewed. Section 3 deals with the transition density function and the likelihood function to be maximised for a given functional form of the
volatility function. In section 4, the data set is described in detail, whereas section 5 describes the empirical results. The stochastic simulation of bond prices and forward rates are given in section 6, with section 7 concluding the paper.
The Basic Framework
We assume that the forward rate process is driven by the one factor stochastic integral equation
Here (t, T), (t, T) are respectively the drift and diffusion coefficients at time t for an instrument maturing at time T, and dW(v) are the increments of the single Wiener process driving the stochastic fluctuations of the forward rate curve.
HJM show that if the economy is arbitrage free then the drift cannot be chosen independently of the volatility function. As a consequence the stochastic process for the forward rate becomes which may also be written as the stochastic differential equation
The instantaneous spot rate (r(t) = f(t, t)) is given by 
(6)
Furthermore it can be shown by application of Ito's lemma that the price at time t of a pure discount bond maturing at time T, P(t, T), is driven by the stochastic differential equation, Here are the increments of a Wiener process arising from the equivalent martingale probability measure of the HJM theory (See Appendix 3).
Note that B(t, T) ln P(t, T) by Ito's lemma satisfies the stochastic differential equation, A common functional form for the volatility of the forward rate process is which implies
The volatilities of the forward rate process and bond price are illustrated in Figure 1 . 
The Characterisation of the Transition Density Function
We denote by p (f , t+1 | f , t) the transition probability density (under the equivalent t t+1 t martingale measure) for futures price f(t, T) at time t to futures price f(t+1, T) at time (t+1). By virtue of the fact that f(t, T) satisfies the stochastic differential equation (3) and the discussion in Appendix 1, p (f , t+1 | f , t) is given by t t+1 t
The integrals appearing on the right-hand side of equation (9) are evaluated in Appendix 2 under the assumed form for (t, T) in equation (7).
For a given sample of futures prices f (f , f , ..., f ) it is then possible to form the log- Although the maximum likelihood estimate of possesses the standard property of consistency, in practical application, however, it may deviate. Lo (1988) points out that this results from the discretisation of the stochastic differential equation since the variables of interest are observed at discrete time intervals.
In this context, the jackknife (Efron (1982) ) resampling technique is, therefore, applied to assess variability of the maximum likelihood estimates. This non-parametric method reduces bias and provides more reliable standard errors.
The simple delete-one jackknife method consists of the following steps, assuming is the coefficient vector from the maximum likelihood estimation:
1. is the coefficient vector generated by the maximum likelihood method by deleting the i-th observation from the original sample 2.
Pseudovalues are computed as,
3.
Jackknife point estimates are, , J denotes jackknife 4. Jackknife estimate of variance of is given by,
The jackknife estimates of the standard deviations of the maximum likelihood parameter estimates are included in Table 1 . These are quite a useful guide as to the stability of the parameters, particularly, since consistent estimators of standard error of are not available.
The Data Set
Australian Bank Bill Market
.
The physical bank accepted bills market is an important short term financial market in Australia. These bills are issued on a discount basis and those for 90 days are the most actively traded. Periods of up to 180 days are also traded in the exchange. These bills have a face value of $500,000 and are usually traded in lots of $5 million. Discount rates are quoted as an index derived from (100 -yield p.a.) and the convention of 365 days in a year is used.
The futures market in bank bills started trading in the Sydney Futures Exchange (SFE) in 1979 and is the most important futures contract traded in the Australian market. The futures contract is for delivery of bills of face value $500,000 and of maturity of 85-95 days and the delivery months are March, June, September and December. Contracts for delivery for up to 36 months are not uncommon. Discount rates are also quoted as an index as for the physical bank bills. Settlement dates for these futures contracts are the second Friday of the delivery months, although trading terminates on Wednesday prior to this second Friday.
The data set used in this study consists of end-of-day prices reported by the SFE for the contracts deliverable in March, June, September and December quarters of 1991. There are 250 observations for each of the contracts. The relation between the yield and the price per dollar face value of these contracts is,
Longer data sets are obtained from 3 year and 5 year coupon paying bonds. In order to obtain an equivalent discount bond prices, a coupon stripping procedure outlined in Hunt (1994) is applied. Details of coupon bond pricing mechanism are also described in that reference.
The Empirical Results
The three parameters (a , a , ) of the volatility function are determined by maximising the 0 1 logarithm of the likelihood function described by equation (10). In the final implementation the stochastic differential equation representing the forward rate process given by equation (3) is considered. For a given set of observations on the futures yield, the likelihood function is given by, where the form of p(.) is given by the equation (9). c:\wpdata\carl\research\94_08_16.fut
The maximisation procedure is an iterative gradient method and the convergence is achieved when the changes in the parameters are less than an acceptable level. This requires computation of the Hessian matrix at each iteration and the covariance matrix at the point of convergence. In both cases Berndt-Hall-Hall-Hausman (1974) method is used to compute the derivatives. Table 1 describes the parameter estimates for the volatility function associated with each of the four different futures contracts. The maximum value of the log of the likelihood function achieved is also reported in that table. The standard errors computed via the covariance matrix are shown below each of the parameters (standard error 1). The jackknifed estimates of the standard errors are also reported in the same table (standard error 2). It can be seen that the standard error estimates (covariance matrix) for all the parameters corresponding to the June, September and December contracts are very similar. But in this context the jackknifed estimates tend to be an order of magnitude larger. In this context it may be worth noting that Schwartz and Torous (1989) report that the jackknife estimates of the standard errors are generally conservative.
It is also possible to obtain the distributional characteristics of the parameter estimates by Monte-Carlo simulation. Using the parameter estimates obtained above a simulation of the stochastic differential equation (3) can be used to generate a set of simulated futures yields. Subtracting these from the observed future yields gives a set of future yields errors. By drawing with replacement from this set of errors we can generate from the simulated futures yields a sequence of futures yields histories which can be used to generate a sequence of parameter estimates. The distribution of these parameter estimates gives us the statistical characteristics of the estimators.
The fit of the volatility model at the maximum-likelihood parameter estimates are analysed by examining the errors i.e. actual futures yield less the model generated future yield for each of the four contracts. The plots of the difference between actual and modelled futures yields are given in Figure 2 through 5. The model generated yield series is obtained by using equation (3) to calculate one step ahead forecasts of f(t+k+1, T) starting from f(t+k, T). The sample statistics of the error distribution i.e. the upper quantile, the median and the lower quantile are also given in Table 1 . There is a tendency to over-estimate the future yield.
To examine the behaviour of the volatility as a function of time to maturity, Figure 7 plots this function for the forward rate as well as for the bond price. The estimated parameters a , 0 a and are used to evaluate the expressions (7) and (8) for the March '91 and December '91 1 contracts. Both exhibit similar characteristics and the bond price volatility tends towards zero as the delivery date of the contract approaches.
Plots corresponding to 3 year and 5 year bond data are given in Figure 8 . The in-sample root mean squared error are much smaller in this case compared to the short term futures contracts. The coefficient estimates for the bond data are displayed in Table 2 . The coefficient a in this case is also much smaller compared to a . This observation is generally true for the 1 0 c:\wpdata\carl\research\94_08_16.fut short dated instruments as shown in Table 1 . The main difference between the short dated and long dated instruments appears to be in the behaviour of . For the coupon bonds, this f is a slightly decreasing function of time to maturity, whereas for the bills this is increasing as time to maturity approaches.
Simulation Results
In order to examine the distribution of the bond prices and spot rates at a given time t, (e.g. 45 days), we have simulated (1,000 times) the stochastic differential equations (for details see Bhar and Chiarella (1994) ), (4) for the instantaneous spot rates and (6) for log bond prices, under the assumed functional form for (t, T) given by equation (7).
Figures 6(a) and 6(b) show respectively the simulated distributions of B(t) and exp(B(t)) at t = 45 days. The distributions look close to normal and the Jarque-Bera test for normality supports the hypothesis of a normal distribution for bond prices with p-values respectively 0.682 and 0.659. The distribution of r(t) (Figure 6(c) ) is, also, acceptable as normal with the Jarque-Bera statistic giving a p-value of 0.557.
The result is interesting particularly given the short time horizon of the simulations. The simulation results thus support the standard market practice of using Black's futures options pricing model to price short-term interest rate options.
Conclusions
The volatility function describing the evolution of the forward rate is crucially important in modelling the term structure of interest rates as well as pricing of interest rate contingent claims. Many of the reported forms of the volatility function have been chosen for analytical convenience rather than being based on any empirical evidence. Apart from the study of HJM (1990), there has not been a great deal of empirical research into the appropriate form of the volatility function to be used in the arbitrage-free class of models.
This article describes the application of the maximum likelihood technique in estimating the parameters of a postulated time dependent functional form of the volatility function. It involves characterisation of the transition probability density function for the forward rate process represented by the arbitrage-free stochastic differential equation. The maximum likelihood estimates of the parameters as well as the jackknife standard deviation of the parameter estimates are reported.
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The estimated volatility function is also used in stochastic simulation of forward rates and bond prices at a given date e.g. t = 45 days after the contract has started trading. Both the maximum likelihood estimation of the volatility function and the simulation of the stochastic differential equation for the bond price with a view to contingent claims pricing appear computationally viable. Further work is being directed towards more general forms of the volatility function and in particular when it is a function of the state variables.
The initial focus in this paper has been exploration of the methodological issues in estimating the volatility structure in futures yields. Application of this approach to markets other than the Sydney Futures Exchange is being investigated. Coefficients are estimated by the maximum likelihood technique, Log L is the maximum value of the log of the likelihood function attained. Std. Error 1 are the standard errors computed by Berndt-Hall-Hall-Hausman (1974) method of analytic gradient at the point of convergence. Std. Error 2 are the standard errors computed by delete-one jackknife method of resampling (see Efron (1982) ) Volatility function used, (t, Zero coupon bond yields computed by stripping the coupons from 3-year and 5-year bonds using a polynomial fitting to the yield curve (Hunt (1994) ). Coefficients are estimated by the maximum likelihood technique, Log L is the maximum value of the log of the likelihood function attained. Std. Error 1 are the standard errors computed by Berndt-Hall-Hall-Hausman (1974) method of analytic gradient at the point of convergence. Std. Error 2 are the standard errors computed by delete-one jackknife method of resampling (see Efron (1982) ) Volatility function used, (t, A crucial assumption in continuous time finance is that the functions a(x(t), t) and b(x(t), t) are nonanticipating. Consider the stochastic integral
Because of the assumption of nonanticipating functions the two product terms within the summation are independent and the stochastic integral (t) is the limit of a linear combination of independent normal variables. Hence (t) is itself a normal variable. And so is also a normal variable. It follows that its transition probability density function is given by where and
In the special case that the drift and diffusion coefficients a(x, t), b(x, t) are functions of time only, the expectation operators in (A1.4, A1.5) apply to deterministic functions so that Equation (9) of the main text is derived by applying this last equation to the stochastic differential equation (3) for the forward rate, over the time interval (t, t+1).
When the drift and diffusion coefficients are functions of the state variable x, the procedure to calculate µ and will require application of a technique such as the Kalman Filter. The key advance in the HJM approach is the observation that (A3.13-15), by use of Girsanov's theorem, can be written in terms of a different Brownian motion generated by an equivalent martingale probability measure. Thus if we define a new Brownian motion (t) by i.e. The essential characteristic of the reformulated stochastic differential and integral equations (A3.17 -19) expressed in terms of Brownian motion under the equivalent probability measure is that the empirically awkward market price of risk term, (t), is eliminated from explicit consideration. Furthermore the relative bond price Z(t, T) is a martingale under the equivalent measure.
